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Abstract
We give a negative answer to the perturbation classes problem: the perturbation class of the
upper semi-Fredholm operators contains properly the strictly singular operators, and the
perturbation class of the lower semi-Fredholm operators contains properly the strictly
cosingular operators.
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The perturbation classes problem in Fredholm theory refers to the stability of the
semi-Fredholm operators under additive perturbations. This problem has been around
for many years. Its origin can be traced back to some classical results due to Kato and
Vladimirskii. Let T and K be continuous operators acting from a Banach space X into
a Banach space Y : It was proved by Kato [11, 5. Theorem 2] (see [7, V.2.1 Theorem])
that T þ K is upper semi-Fredholm whenever T is upper semi-Fredholm and K is
strictly singular. Similarly, it was proved by Vladimirskii [18, Corollary 1] (see [15,
C.V. Theorem 3.4]) that T þ K is lower semi-Fredholm whenever T is lower semi-
Fredholm and K is strictly cosingular. The perturbation classes problem consists in
determining whether or not the strictly singular operators and the strictly cosingular
operators are the only operators that satisfy these properties, respectively.
This problem was formulated in Gohberg, Markus and Feldman in 1960 (see [6, p.
74]) for the upper semi-Fredholm operators. Later the whole problem was explicitly
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stated, for example, by Caradus et al. [5, p. 101] and by Pietsch [14, 26.6.12]. See also
[2–4]. Moreover, Tylli [17, Section 3] observes that the problem is yet open.
Let us introduce some notation in order to make the problem precise. LetA be a
class of continuous operators between Banach spaces. The perturbation class PA of
A was deﬁned in [12] by its components:
PAðX ;Y Þ :¼ fKALðX ;Y Þ: K þ AAAðX ;YÞ;
for every AAAðX ;Y Þg;
where X and Y are Banach spaces such that AðX ;YÞ is non-empty. In the case
X ¼ Y we write AðX Þ rather that AðX ;XÞ:
Here we consider the perturbation class PA in the cases A ¼ F; the Fredholm
operators, A ¼ Fþ the upper semi-Fredholm operators, and A ¼ F; the lower
semi-Fredholm operators. It is well known that PF ¼ In; the inessential operators
[12] and that In is an operator ideal in the sense of [14]. However, the perturbation
classes for Fþ and F are in general unknown. We observe that PFþ and PF are
both contained in In [4, Theorem 3.6]. Moreover, the previously mentioned results
of Kato and Vladimirskii imply that PFþ*SS and PF*SC:
In [14, 26.6.12] it is observed that the equalities PFþ ¼ SS; the strictly singular
operators, or PF ¼ SC; the strictly cosingular operators, are true if and only if the
classes PFþ or PF satisfy certain compatibility conditions [14, 1.1.13]. These
conditions imply that the components of PFþ or PF in the case X ¼ Y determine
an operator ideal.
It is known that PFþðX ;Y Þ ¼ SSðX ;Y Þ in the following cases:
(1) Y subprojective [21,3];
(2) X ¼ Y ¼ LpðmÞ; 1pppN [19] (the case 2opoN was proved in [13]);
(3) X hereditarily indecomposable [3, Theorem 3.14]; and
(4) X is separable and Y contains a complemented copy of C½0; 1	 [4].
Also it is known that PFðX ;Y Þ ¼ SCðX ;YÞ in the following cases:
(1) X superprojective [21,3];
(2) X ¼ Y ¼ LpðmÞ; 1pppN [19] (the case 1opo2 follows from the results in [13]
by duality);
(3) Y quotient indecomposable [3, Theorem 3.14]; and
(4) X contains a complemented copy of c1 and Y is separable [4].
Here we show that there exists a complex separable Banach space Z such that
PFþðZÞaSSðZÞ and PFðZnÞaSCðZnÞ: The space Z is a product of hereditarily
indecomposable spaces. We observe that the existence of complex hereditarily
indecomposable spaces was proved in [9].
At this point we observe that it is interesting to ﬁnd positive solutions to the
perturbation classes problem in special cases, like the ones mentioned before,
because they provide intrinsic characterizations of the operators in PFþ and PF:
Indeed, KASSðX ;YÞ only depends on the action of K over the closed subspaces of
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X ; while KAPFþðX ;Y Þ depends on the properties of the sums of K with all the
operators in FþðX ;Y Þ:
In relation with the problems we tackle here, it was open for some time whether
PF; the inessential operators, coincide with the improjective operators, introduced by
Tarafdar [16]. The deﬁnition of the improjective operators is intrinsic, similar to that
of the strictly singular operators. There are many classes of spaces for which these
classes of operators coincide [1], but recently it has been proved that the problem has
a negative answer in general [2].
We observe that the perturbation classes Fþ and F studied in [10,20]
correspond to not necessarily bounded upper semi-Fredholm operators and lower
semi-Fredholm operators, respectively. These classes are smaller than those that we
consider here. So the results in [10,20] are not relevant for us. Indeed, Weis proved in
[20, 2.3 and 3.7 Corollaries] that FþðXÞ ¼ SSðXÞ and FðXÞ ¼ SCðX Þ in the
case X separable. He also mentioned in the introduction of his paper that the
perturbation classes problem for continuous operators was open.
Throughout the paper, X ; Y and Z are complex Banach spaces, and IX is the
identity operator on X : For a closed subspace M of X ; JM is the inclusion of M into
X and QM is the quotient map onto X=M: An operator AALðX ;YÞ is upper semi-
Fredholm if its range RðTÞ is closed and its null space NðTÞ is ﬁnite dimensional; it is
lower semi-Fredholm if its range is ﬁnite codimensional, hence closed; and it is
Fredholm if it is upper semi-Fredholm and lower semi-Fredholm. We denote by
FþðX ;YÞ; FðX ;Y Þ and FðX ;YÞ the classes of upper semi-Fredholm, lower semi-
Fredholm and Fredholm operators, respectively.
For TAFþðX ;YÞ,FðX ;YÞ the index indðTÞ of T ; deﬁned by
indðTÞ :¼ dimðNðTÞÞ  dimðY=RðTÞÞ
is an integer number or 7N:
An operator TALðX ;YÞ is inessential if IX  STAFðXÞ; for every SALðY ;X Þ; it
is strictly singular if no restriction TJM of T to a closed inﬁnite-dimensional subspace
M of X is an isomorphism; and it is strictly cosingular if there is no closed inﬁnite-
codimensional subspace N of Y such that QNT is surjective. We denote by
InðX ;YÞ; SSðX ;YÞ and SCðX ;YÞ the inessential, strictly singular and strictly
cosingular operators, respectively.
A Banach space X is decomposable if we can write X ¼ M"N with M and N
closed inﬁnite-dimensional subspaces of X : The space X is hereditarily indecompo-
sable if it does not have decomposable closed subspaces.
1. Main results
We begin by giving some auxiliary results that we will need later. Some of these
results from Banach space theory are known, but maybe not known by people
working on operator theory.
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Proposition 1. Let X be a hereditarily indecomposable space. Then for every
space Y ;
(a) LðX ;Y Þ ¼ FþðX ;YÞ,SSðX ;YÞ:
(b) FþðX ;Y Þ is connected. In particular, the index is constant on FþðX ;Y Þ:
Proof. (a) Suppose that there exists TALðX ;YÞ such that TeFþ,SS: We assume
that jjT jj ¼ 1:
Since TeSS; there exist d > 0 and a closed inﬁnite-dimensional subspace M of
X such that jjTmjjXdjjmjj for every mAM:
Since TeFþ; there exists a closed inﬁnite-dimensional subspace N of X such that
jjTnjjoðd=2Þjjnjj for every nAN [7, III.1.9 Theorem].
Let mAM and mAN be such that jjmjj ¼ jjnjj ¼ 1: Then
jjm þ njjXjjTm þ TnjjXjjTmjj  jjTnjj > d
2
:
Thus the natural operator S : M  N-X deﬁned by Sðx; yÞ ¼ x þ y has a
continuous inverse; hence M þ N is a direct sum. Therefore X is not hereditarily
indecomposable.
(b) Let A0;A1AFþðX ;YÞ: For every tA½0; 1	; we consider the operator
At :¼ tA1 þ ð1 tÞA0:
We consider two cases. First we suppose that AtAFþ for every tAð0; 1Þ: Then it is
clear that A0 and A1 belong to the same connected component of FþðX ;Y Þ:
In the second case, we suppose that there exists rAð0; 1Þ such that AreFþ: Then
ArASS by part (a), and we can write rA1 ¼ ðr  1ÞA0 þ Ar: Since Fþ is stable under
strictly singular perturbations [7, V.2.1 Theorem], ðr  1ÞA0 þ tArAFþ for every
tAð0; 1Þ: Hence ðr  1ÞA0 and rA1 belong to the same connected component of Fþ:
Since LðX ;Y Þ is a complex space, U and tU belong to the same connected
component of Fþ when UAFþðX ;Y Þ and ta0: So again A0 and A1 belong to the
same connected component of FþðX ;YÞ:
Finally, the continuity of the index [7, V.1.6 Theorem] implies that indðÞ is
constant on connected sets. &
Corollary 2. Let X be a hereditarily indecomposable space. Then for every upper semi-
Fredholm operator T on X ; indðTÞ ¼ 0:
Proof. Observe that indðIX Þ ¼ 0: &
For TALðX Þ; we deﬁne the essential spectrum of T by
seðTÞ :¼ flAC: lIX  T is not Fredholmg:
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Corollary 3. Let X be a hereditarily indecomposable space. Then for every operator T
on X ; cardðseðTÞÞ ¼ 1:
Proof. It is not difﬁcult to see that if TALðXÞ is a Fredholm operator, then the class
associated to T in the quotient Banach algebra LðXÞ=SSðXÞ is invertible. Since
the spectrum of an element of a Banach algebra is non-empty, there exists lAC
so that lIX  T is not Fredholm. By Proposition 1 and the continuity of the index,
lIX  T is not upper semi-Fredholm. Hence lIX  T is strictly singular, and
seðTÞ ¼ flg: &
Theorem 4. Let X be a reflexive, hereditarily indecomposable space and let Y be a
closed subspace of X such that dim Y ¼ dim X=Y ¼N: Let us denote Z :¼ X  Y :
Then
PFþðZÞaSSðZÞ and PFðZnÞaSCðZnÞ:
Proof. First we show that LðX ;YÞ ¼ SSðX ;YÞ: Suppose that there were a
TAFþðX ;Y Þ: Denoting by JY the embedding of Y ; we would get that JY TAFþðXÞ
and indðTÞ ¼ N; which is impossible by Corollary 2.
Since strictly singular operators are inessential, LðX ;YÞ ¼ SSðX ;YÞ implies
LðY ;XÞ ¼ InðY ;X Þ [8, Proposition 1].
Let us see that FþðZÞ ¼ FðZÞ: Every operator TALðZÞ can be represented by a
matrix
T ¼ A B
C D
 !
;
where BALðY ;X Þ and CALðX ;Y Þ are inessential by the previous part of the proof.
Let us denote
T0 ¼
A 0
0 D
 !
:
Since the class of Fredholm operators is stable under inessential perturbations
ðPF ¼ InÞ; we have seðTÞ ¼ seðT0Þ ¼ seðAÞ,seðDÞ: Thus cardðseðTÞÞp2; by
Corollary 3.
Now, if T is not Fredholm, then it follows from the above fact that there exists a
number d > 0 so that lIZ  T is Fredholm for 0ojljod: By the continuity of the
index, T is not upper semi-Fredholm.
From FþðZÞ ¼ FðZÞ it follows PFþðZÞ ¼ PFðZÞ ¼ InðZÞ: Thus
K ¼ 0 JY
0 0
 !
gives us an operator KAPFþðZÞ which is not strictly singular.
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For the second part, observe that KnAPFðZnÞ because Z is reﬂexive and an
operator TALðZÞ is upper semi-Fredholm if and only if Tn is lower semi-Fredholm.
However, Kn is not strictly cosingular because JnY is surjective. &
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